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*DC;9=5*DC;9=5

" &JJGJK!AF!K;A=FLAT;!;GEHMLAF?

" )GO!LG!J=HJ=K=FL!FME:=JK!GF!9!;GEHML=JKY!

! *&&&!KL9F<9J<!UG9LAF?!HGAFL!>GJE9LK!

! 'DG9LAF?!HGAFL!9JAL@E=LA;!

" 'DG9LAF?!1GAFL!*KKM=K

! 4MEEAF?!'1!FME:=JK!

! $GEH9JAF?!'1!FME:=JK

! 4M:LJ9;LAF?!'1!FME:=JK!!

" 3GD=!G>!L@=!;GEHAD=JK!AF!L@AK!?9E=!

" 4GE=!TF9D!LAHK!LG!9NGA<!cCFGOFd!HJG:D=EK!
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-395=C9I3!#><?DC9=7!-395=C9I3!#><?DC9=7!

" 5J9<ALAGF9DDQ!;9DD=<!7=60:4.,5!,7,5A;4;

" $GF;=JF=<!OAL@!<=KA?F!9F<!9F9DQKAK!G>!9D?GJAL@EK!>GJ!KGDNAF?!
E9L@=E9LA;9D!HJG:D=EK!L@9L!9JAK=!AF!;GEHML9LAGF9D!K;A=F;=K!!

" %AKLAF?MAK@!>=9LMJ=KX

! ;GF;=JF=<!OAL@!N9JA9:D=K!L@9L!9J=!;GFLAFMGMK!J9L@=J!L@9F!
<AK;J=L=

! ;GF;=JF=<!OAL@!,99:8@46,<487;!9F<!L@=AJ!=S=;LK
" "HHJG!PAE9LAGFK!9J=!MK=<!FGL!BMKL!:Q!;@GA;=X!L@=Q!9J=!

AF=NAL9:D=!AF!EGKL!HJG:D=EK!!!
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->DA35!>6!1??A>G9<1C9>=B->DA35!>6!1??A>G9<1C9>=B

" #=>GJ=!;GEHML9LAGF!:=?AFKX
! .G<=DAF?X!70250.<472!.0:<,47!93A;4.,5!10,<=:0;

! =EHAJA;9D!E=9KMJ=E=FLKX!!.,7F<!,5?,A;!60,;=:0!479=<!

/,<,!<8!<30!/0;4:0/!9:0.4;487!

! HJ=NAGMK!;GEHML9LAGFKX!479=<!/,<,!6,A!-0!9:8/=.0/!

1:86!0::8:E9:870!7=60:4.,5!60<38/;

" %MJAF?!;GEHML9LAGFX
! LJMF;9LAGFX!7=60:4.,5!60<38/!,99:8@46,<0!,!.87<47=8;!

07<4<A!

! JGMF<AF?X!.869=<0:;!8B0:!875A!C74<0!9:0.4;487!47!

:09:0;07<472!:0,5!7=6-0:;
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%G1<?;5K!"??A>G9<1C9>=B%G1<?;5K!"??A>G9<1C9>=B

" $GEHMLAF?!KMJ>9;=!9J=9!G>!&9JL@!MKAF?!>GJEMD9 !!
"vo!Jm

" 5@AK!AFNGDN=K!K=N=J9D!9HHJGPAE9LAGFKX
! .G<=DAF?X!&9JL@!AK!;GFKA<=J=<!9K!9!KH@=J=Z

! .=9KMJ=E=FLKX!N9DM=!G>!J9<AMK!AK!:9K=<!GF!=EHAJA;9D!E=L@G<K

! 5JMF;9LAGFX!N9DM=!>GJ!!!AK!LJMF;9L=<!9L!9!TFAL=!FME:=JYY

! 3GMF<AF?X!N9DM=K!>GJ!AFHML!<9L9!9F<!J=KMDLK!G>!9JAL@E=LA;!
GH=J9LAGFK!9J=!JGMF<=<!AF!;GEHML=JY
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#><?DC1C9>=1;!5AA>AB#><?DC1C9>=1;!5AA>AB

" 5JMF;9LAGF!&JJGJX

! =JJGJK!9JAKAF?!>JGE!KAEHDA>QAF?!E9L@=E9LA;K!LG!KGDN=!
HJG:D=EK!!GF!;GEHML=JKX

" 3GMF<AF?!&JJGJX

! &JJGJK!O=!<AK;MKK!D9L=JYY!

" /05&X!!;GEHML9LAGF9D!=JJGJ!AK!KME!G>!LJMF;9LAGF!=JJGJ!
9F<!JGMF<AF?!=JJGJW!:ML!GF=!G>!L@=K=!MKM9DDQ!<GEAF9L=K!
cK==!D9L=Jd!
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,>D=49=7!5AA>A,>D=49=7!5AA>A

" %AS=J=F;=!:=LO==F!J=KMDL!HJG<M;=<!:Q!9!?AN=F!
9D?GJAL@E!MKAF?!=P9;L!9JAL@E=LA;!9F<!J=KMDL!
HJG<M;=<!:Q!L@=!K9E=!9D?GJAL@E!MKAF?!JGMF<=<!
9JAL@E=LA;!/ME:=JK!9J=!KLGJ=<!MKAF?!9!TFAL=!FME:=J!
G>!:ALKY

" %M=!LG!L@=!AF=P9;L!J=HJ=K=FL9LAGF!G>!J=9D!FME:=JK!
9F<!9JAL@E=LA;!GH=J9LAGFK!MHGF!L@=E!

" 5G!MF<=JKL9F<!O@=J=!9F<!@GO!L@=Q!LMJF!GML!O=!
F==<!LG!CFGO!@GO!;GEHML=JK!<=9DK!OAL@!FME:=JKYY!
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,51;9CH!Y!A51;!=D<25AB,51;9CH!Y!A51;!=D<25AB

" 3=9D!FME:=J!v!MFDAEAL=<!9;;MJ9;Q

" )GO!;9F!O=!KLGJ=!9!FME:=J!GF!9!;GEHML=J!]!

! #AF9JQ!;G<=<!<=;AE9D!c#$%d

! 39LAGF9D!/ME:=JK

! 'AP=<!1GAFL

! 'DG9LAF?!HGAFL!
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&;>1C9=7M?>9=C!A5?A5B5=C1C9>=&;>1C9=7M?>9=C!A5?A5B5=C1C9>=

! UG9LAF?!FME:=JK!9J=!KLGJ=<!MKAF?!9!CAF<!G>!K;A=FLAT;!FGL9LAGFY

#!E9FLAKK9!g!m
=PHGF=FL

! 7=!;9F!J=HJ=K=FL!UG9LAF?[HGAFL!FME:=JK!OAL@!L@J==!:AF9JQ!T=D<KX!9!KA?F!
:AL!KW!9F!=PHGF=FL!T=D<!=W!9F<!9!>J9;LAGF!T=D<!>Y

! 5@=!*&&&!rpo!KL9F<9J<!<=TF=K!K=N=J9D!<AS=J=FL!HJ=;AKAGFKY

— 4AF?D=!HJ=;AKAGF!FME:=JK!AF;DM<=!9F!s[:AL!=PHGF=FL!T=D<!9F<!9!mn[:AL!
>J9;LAGFW!>GJ!9!LGL9D!G>!nm!:ALKY

—

— %GM:D=!HJ=;AKAGF!FME:=JK!@9N=!9F!ll[:AL!=PHGF=FL!T=D<!9F<!9!pm[:AL!
>J9;LAGFW!>GJ!9!LGL9D!G>!qo!:ALKY

fes
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(%%%!XWV!(%%%!XWV!

" %MJAF?!sk^K!*FKLALML=!>GJ!=D=;LJA;9D!9F<!=D=;LJGFA;K!&F?AF==JK!
HJG<M;=<!9!KL9F<9J<!>GJ!L@=!'1!>GJE9LY

" /GO!L@=!_!&$$$JIH!EGLKI!)<,7/,:/!18:!-47,:A!%58,<472!(847<!
":4<360<4.!_!!AK!9<GHL=<!:Q!9DEGKL!9DD!L@=!N=F<GJKYY

" *&&&!4L9F<9J<!KH=;AT=<!9DD!L@=!<=L9ADK!9:GML!'1!KQKL=EX

! KLGJ9?=!>GJE9L

! HJ=;AK=!KH=;AT;9LAGF!G>!L@=!J=KMDL!G>!GH=J9LAGFK

! KH=;A9D!N9DM=K!

! KH=;AT=<!JMFLAE=!:=@9NAGJ!GF!ADD=?9D!GH=J9LAGFK

" -A>=!AK!=9KA=J!FGOX!HGJL9:ADALQ!G>!C=JF=D!;GEHML9LAGF9D!;G<=!AK!
=FKMJ=<YYY!
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,1=75!>6!B9=7;5M?A539B9>=!=D<25AB!PUT!29CQ!,1=75!>6!B9=7;5M?A539B9>=!=D<25AB!PUT!29CQ!

cl!-!mKd!g!cl!u!>d!g!m
=[lmr

Y!

— 5@=!KE9DD=KL!=!AK!kkkkkkkl!cldY

— 5@=!KE9DD=KL!>!AK!kkkkkkkkkkkkkkkkkkkkkkk!ckdY

— 5@=!D9J?=KL!HGKKA:D=!=!AK!lllllllk!cmpodY

— 5@=!D9J?=KL!HGKKA:D=!>!AK!lllllllllllllllllllllll!cl!–!m[mndY

! 5@=!D9J?=KL!HGKKA:D=!_FGJE9D`!FME:=J!AK!cm!-!m[mnd!g!mlmr!! 3.4 " 1038
.

! L@=!KE9DD=KL!98;4<4>0!FGF[R=JG!FME:=J!AK!l!g!m[lmq!v!! 1.8 " 10-38
.

! *F!;GEH9JAKGFW!L@=!J9F?=!G>!HGKKA:D=!nm[:AL!AFL=?=JK!AF!LOG^K!
;GEHD=E=FL!9J=!GFDQ!-mnl!9F<!cmnl!-!ld

! )GO!;9F!O=!J=HJ=K=FL!KG!E9FQ!EGJ=!N9DM=K!AF!L@=!*&&&!rpo!>GJE9LW!
=N=F!L@GM?@!O=!MK=!L@=!K9E=!FME:=J!G>!:ALK!9K!J=?MD9J!AFL=?=JK]

BIASED exponent
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! 5@=J=!,:07F<!EGJ=!*&&&!FME:=JKY

! 7AL@!nm!:ALKW!L@=J=!9J=!mnm
-lW!GJ!9:GML!o!:ADDAGFW!<AS=J=FL!:AL!H9LL=JFKY

— 5@=K=!;9F!J=HJ=K=FL!o!:ADDAGF!AFL=?=JK!8:!o!:ADDAGF!J=9DKY

— #ML!L@=J=!9J=!9F!AFTFAL=!FME:=J!G>!J=9DKW!9F<!L@=!*&&&!>GJE9L!;9F!GFDQ!J=HJ=K=FL!;860!G>!L@=!
GF=K!>JGE!9:GML!-mlms!LG!umlmsY

— 3=HJ=K=FL!K9E=!FME:=J!G>!N9DM=K!:=LO==F!mF!9F<!mFul!9K!mFul!9F<!mFum!

! 5@MKW!UG9LAF?[HGAFL!9JAL@E=LA;!@9K!_AKKM=K`

— 4E9DD!JGMF<GS!=JJGJK!;9F!9;;MEMD9L=!OAL@!EMDLAHDA;9LAGFK!GJ!
=PHGF=FLA9LAGFKW!J=KMDLAF?!AF!:A?!=JJGJKY

— 3GMF<AF?!=JJGJK!;9F!AFN9DA<9L=!E9FQ!:9KA;!9JAL@E=LA;!HJAF;AHD=K!KM;@!9K!L@=!
9KKG;A9LAN=!D9OW!cP!u!Qd!u!R!v!P!u!cQ!u!RdY

! 5@=!*&&&!rpo!KL9F<9J<!?M9J9FL==K!L@9L!9DD!E9;@AF=K!OADD!HJG<M;=!L@=!
K9E=!J=KMDLKb:ML!L@GK=!J=KMDLK!E9Q!FGL!:=!E9L@=E9LA;9DDQ!;GJJ=;L\

!!&+!&9=9C5=5BB&+!&9=9C5=5BB

2 4 8 16
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45=B9CH!>6!&+!=D<25ABLL!45=B9CH!>6!&+!=D<25ABLL!

" #=;9MK=!L@=!K9E=!FME:=J!G>!:ALK!9J=!MK=<!LG!
J=HJ=K=FL!9DD!FGJE9DAR=<!FME:=JKW!L@=!KE9DD=J!L@=!
=PHGF=FLW!L@=!?J=9L=J!L@=!<=FKALQ!G>!J=HJ=K=FL9:D=!
FME:=JKY!

" 'GJ!=P9EHD=W!L@=J=!9J=!9HHJGPAE9L=DQ!sWnssWqkr!
KAF?D=[HJ=;AKAGF!FME:=JK!:=LO==F!lYk!9F<!mYkW!O@AD=!
L@=J=!9J=!GFDQ!9:GML!sltl!:=LO==F!lkmnYk!9F<!
lkmoYkY

" L@AK!E=9FK!L@9L!>GJ!D9J?=!FME:=JK!c:GL@!HGKALAN=!
9F<!F=?9LAN=d!L@=J=!9J=!N=JQ!>=O!'1!FME:=JK!LG!HD9Q!
OAL@!9F<!E9FQ!J=9D!FME:=JK!E9H!LG!L@=!K9E=!
UG9LAF?[HGAFL!FME:=JY
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&;>1C9=7!+>9=C!"A9C8<5C93&;>1C9=7!+>9=C!"A9C8<5C93

" 3=HJ=K=FL9:D=!FME:=JKX

! 5@=!O9Q!L@=!FME:=JK!9J=!KLGJ=<!

" 0H=J9LAGFKX

! 5@=!O9Q!L@=!FME:=J!9J=!@9F<D=<X

" 9JAL@E=LA;X!uW[WPWaWYYY!!!)GO!AK!J=KMDL!JGMF<=<!LG!TL!AF!>GJE9L]

" ;GEH9JAKGF!cwW!vW!xd

" ;GFN=JKAGF!:=LO==F!<AS=J=FL!>GJE9LK![!K@GJL!LG!DGF?!'1!
FME:=JKW!'1!LG!AFL=?=JW!=L;Y

" =P;=HLAGF!@9F<DAF?![!O@9L!LG!<G!>GJ!kakW!mgD9J?=KLiFME:=JW!
=L;Y

" :AF9JQa<=;AE9D!;GFN=JKAGF![!>GJ!*a0W!O@=F!J9<AP!AK!FGL!lkY

" -9F?M9?=aDA:J9JQ!KMHHGJL!AK!J=IMAJ=<!>GJ!9DD!L@=K=!
GH=J9LAGFKY
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(%%!XWV!5G35?C9>=!81=4;9=7!(%%!XWV!5G35?C9>=!81=4;9=7!

 !What happens when the “exact value” is not a real FME:=JW!
GJ!LGG!KE9DD!GJ!LGG!D9J?=!LG!J=HJ=K=FL!9;;MJ9L=DQ]!

" 'AN=!=P;=HLAGFKX!

! Overflow - exact result > OV, too large to represent.

! Underflow - exact result nonzero and < UN, too small 
LG!J=HJ=K=FLY!

! Divide-by-zero – nonzero/0.

! Invalid - 0/0, sqrt(-1), … 

! Inexact - you made a rounding error (very common!).

" 1GKKA:D=!J=KHGFK=K!

! Stop with error message (unfriendly, not default). 

! Keep computing (default, but how?).
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,>D=49=7!?A>2;5<!,>D=49=7!?A>2;5<!

" .9FQ!GH=J9LAGFK!9EGF?!UG9LAF?!HGAFLK!<G=K!!FGL!=F<!
AF!9!UG9LAF?!HGAFLY

" !*&&&!rpo!<=TF=K!L@=!O9Q!LG!@9F<D=!L@AKX!

! 59C=!L@=!=P9;L!N9DM=W!9F<!JGMF<!AL!LG!L@=!F=9J=KL!UG9LAF?!
HGAFL!FME:=J!c;GJJ=;L!JGMF<AF?dY!

! #J=9C!LA=K!:Q!JGMF<AF?!LG!F=9J=KL!UG9LAF?!HGAFL!!FME:=J!
O@GK=!:GLLGE!:AL!AK!R=JG!cJGMF<AF?!LG!F=9J=KL!=N=FdY

! 0L@=J!JGMF<AF?!GHLAGFK!9DKG!9N9AD9:D=!cMHW!<GOFW!
LGO9J<K!kdY!
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%E5=!B><5!A1C85A!B9<?;5!=D<25AB!31=!81E5!!&+!!%E5=!B><5!A1C85A!B9<?;5!=D<25AB!31=!81E5!!&+!!

A>D=49=7!?A>2;5<LLL!A>D=49=7!?A>2;5<LLL!

" lan!AK!/05!!=P9;LDQ!J=HJ=K=FL9:D=

" kYkl!AK!/05!!=P9;LDQ!J=HJ=K=FL9:D=

" 2M=KLAGF!LG!:=!9FKO=J=<!<MJAF?!D9:!L@AK!9>L=JFGGF

! @GO!E9FQ!AFN=JK=!9J=!FGL!=P9;LDQ!J=HJ=K=FL9:D=!AF!L@=!
J9F?=!elW!lkkf!]
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'>F!C>!144!&+!=D<25AB!N!'>F!C>!144!&+!=D<25AB!N!

" "KKG;A9LAN=!JMD=!<G=K!FGL!OGJC!\
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'>F!C>!1E>94!&+!?A>2;5<B!9=!BD<<9=7!=D<25AB!N'>F!C>!1E>94!&+!?A>2;5<B!9=!BD<<9=7!=D<25AB!N

" 6KAF?!KH=;A9D!LJA;CK!

! 5@=!TJKL!AK!KGJLAF?!L@=!FME:=JK!9F<!9<<AF?!L@=E!AF!
9K;=F<AF?!GJ<=JY

! !L@=!,9@9F!4MEE9LAGF!'GJEMD9Y

! 6KAF?!AFL=?=JK!AFKL=9<!G>!UG9LK

" 4==!=P=J;AK=!KME!FME:=JK!AF!L@=!D9:!L@AK!9>L=JFGGFYY!

1D=9K=!FGL=!L@9L!KM;@!CAF<!G>!HJG:D=E!AEH9;L!H9J9DD=D!
;GEHMLAF?X!4MEEAF?!FME:=JK!AF!H9J9DD=D!;GMD<!?AN=!QGM!
<AS=J=FL!J=KMDLK!\!
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)181=!BD<<1C9>=!6>A<D;1!)181=!BD<<1C9>=!6>A<D;1!

" &JJGJK!9J=!J=<M;=<!!:Q!C==HAF?!9!K=H9J9L=!JMFFAF?!
;GEH=FK9LAGF!c9!N9JA9:D=!LG!9;;MEMD9L=!KE9DD!=JJGJKdY

function kahanSum(input)
 var sum = input[1]
 var c = 0.0          //A running compensation for lost low-order 
bits.
 for i = 2 to input.length
  y = input[i] - c    //So far, so good: c is zero.
  t = sum + y         //Alas, sum is big, y small, 
                      // so low-order digits of y are lost.
  c = (t - sum) - y   //(t - sum) recovers the high-order part of y; 
                      // subtracting y recovers -(low part of y)
  sum = t             //Algebraically, c should always be zero.
                      // Beware eagerly optimising compilers!
 next i               //Next time around, the lost low part will be  

                  //  added to y in a fresh attempt.
return sum



21

/>A:9=7!F9C8!(=C575AB!PSQ!/>A:9=7!F9C8!(=C575AB!PSQ!

" *FL=?=JK!9J=!KGE=LAE=K!;9DD=<!TP=<[HGAFL!FME:=JK!:=;9MK=!L@=Q!;9F!

:=!NA=O=<!9K!UG9LK!OAL@!J9<AP!HGAFL!9>L=J!L@=!D=9KL!KA?FAT;9FL!<A?ALW!
9F<!R=JG!>J9;LAGF9D!<A?ALK

! !l!!!!!!lYkkkYYY

! !lk!!!!!lkYkkkYYY

! lkk!!!!lkkYkkkYYY

" *FKL=9<!G>!9!UG9L!8!OAL@!H!<A?ALK!<=;AE9D!!E9FLAKK9W!O=!
;9F!MK=!9F!AFL=?=J!/X!

! !/!v!*/5c8!g!clkggHdd!!!!c'DG9L!LG!AFL=?=J!LJ9FK>GJE9LAGFd

! !8!v!/!a!clkggHd!!!!!!!c3=;GN=JAF?!L@=!UG9L!>JGE!L@=!AFL=?=Jd

"
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/>A:9=7!F9C8!(=C575AB!PSQ!/>A:9=7!F9C8!(=C575AB!PSQ!

" 7=!;9F!FGO!KME!;GJJ=;LDQ!AFL=?=J!FME:=JK

! 8l!u!8m!v!/l!a!clkggHd!!u!!/m!a!clkggHd!v!c/l!u!/md!a!clkggHd

" /GL=X

! /G!JGMF<GS!=JJGJ!AF!:GL@!9<<ALAGF!9F<!KM:KLJ9;LAGF

! 1J=;AKAGF!G>!L@=!GH=J9LAGF!AK!K=L!AF!9<N9F;=<X!@GO!E9FQ!
<=;AE9D!HD9;=K!<G!*!F==<!]!
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&+!-D2CA13C9>=!K!C85!31=35;;1C9>=!?A>2;5<PSQ!&+!-D2CA13C9>=!K!C85!31=35;;1C9>=!?A>2;5<PSQ!

" 4M:LJ9;LAGF!:=LO==F!LOG!L[<A?AL!FME:=J!@9NAF?!K9E=!KA?F!
9F<!KAEAD9J!E9?FALM<=!QA=D<K!J=KMDL!OAL@!>=O=J!!L@9L!L!<A?ALKW!
@=F;=!AL!AK!9DO9QK!J=HJ=K=FL9:D=Y

" 3=9KGF!AK!L@9L!L@=!D=9<AF?!<A?ALK!G>!LOG!FME:=JK!;9F;=D!c!*Y=!
L@=AJ!<AS=J=F;=!AK!R=JGd

" &P9EHD=X

! !!!!lYtmokn!Plkm [lYtmmrp!Plkm!!v!kYkklms!Plkm!!!![[[[x!!!!
lYmskkkPlk[l

" 5@AK!AK!;GJJ=;LW!=P9;L!J=HJ=K=FL9:D=!:ML!@9K!GFDQ!n!<A?ALK!YY
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#1=35;;1C9>=!PTQ#1=35;;1C9>=!PTQ

" %=KHAL=!=P9;LF=KK!G>!J=KMDLKW!;9F;=DD9LAGF!G>L=F!
AEHDA=K!K=JAGMK!DGKK!G>!AF>GJE9LAGFY

" 0H=J9F<!9J=!G>L=F!MF;=JL9AFW!<M=!LG!JGMF<AF?!GJ!
GL@=J!HJ=NAGMK!=JJGJKW!AF!O@A;@!;9K=!J=D9LAN=!
MF;=JL9AFLQ!AF!<AS=J=F;=!E9Q!:=!D9J?=Y!

" 4M:LJ9;LAGF!ALK=D>!AK!FGL!9L!>9MDLX!AL!KA?F9DK!DGKK!G>!
AF>GJE9LAGF!L@9L!@9K!9DJ=9<Q!G;;MJJ=<Y
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#853:9=7!&;>1C9=7M+>9=C!%@D1;9CH#853:9=7!&;>1C9=7M+>9=C!%@D1;9CH

" !4GE=LAE=K!GC9Q!LG!;GEH9J=!>GJ!=IM9DALQ

! 7@=F!;9D;MD9LAGFK!9J=!CFGOF!LG!:=!=P9;L

! 5G!KQFL@=KAR=!9!;GEH9JAKGF

! $GEH9J=!9?9AFKL!kYk!LG!9NGA<!<ANAKAGF!:Q!R=JG

" #ML!UG9LAF?[HGAFL!J=KMDLK!9J=!MKM9DDQ!AF=P9;L

! $GEH9JAF?!UG9LAF?[HGAFL!FME:=JK!>GJ!=IM9DALQ!E9Q!@9N=!
MF<=KAJ9:D=!J=KMDLK

    do while (tot=1.0)

      tot=tot+0.1 

end do 
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.B9=7!J>1COA51;RV!6>A!3><?DC1C9>=B.B9=7!J>1COA51;RV!6>A!3><?DC1C9>=B

" 4LGJAF?!DGO[HJ=;AKAGF!<9L9!9K!UG9L!AK!TF=W!:ML

" (=F=J9DDQ!FGL!J=;GEE=F<=<!LG!MK=!UG9L!>GJ!
;GEHML9LAGFK

! 'DG9L!@9K!D=KK!L@9F!@9D>!L@=!HJ=;AKAGF!G>!<GM:D=

! 6KAF?!<GM:D=!AFL=JE=<A9L=K!?J=9LDQ!J=<M;=K!L@=!JAKC!G>!
JGMF<GS!HJG:D=EK!HGDDMLAF?!L@=!9FKO=J

! 3GMF<!<GM:D=!N9DM=!:9;C!LG!UG9L!LG!?AN=!9!UG9L!J=KMDL

" &PLJ9!AFL=JF9D!HJ=;AKAGF!AK!9:D9LAN=!9JEGJ!9?9AFKL!
JGMF<GS!HJG:D=EK
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25!31A56D;!>=!J>1C!MZ!9=C575A!3>=E5AB9>=25!31A56D;!>=!J>1C!MZ!9=C575A!3>=E5AB9>=

" '1!FME:=JK!;GFN=JL=<!AF!AFL=?=J!FME:=J!;9F!D=9<!
LG!GN=JUGOaMF<=JUGO!YYY



28

$1C1!3>=E5AB9>=$1C1!3>=E5AB9>=

" 0F!o!+MF=!lttqW!L@=!"JA9F=!p!!D9MF;@=J!=F<=<!AF!9!>9ADMJ=Y!0FDQ!9:GML!
ok!K=;GF<K!9>L=J!AFALA9LAGF!G>!L@=!UA?@L!K=IM=F;=W!!=PHDG<=<Y

" 5@=!>9ADMJ=!G>!L@=!"JA9F=!pkl!O9K!;9MK=<!:Q!L@=!;GEHD=L=!DGKK!G>!
?MA<9F;=!9F<!9LLALM<=Y!5@AK!DGKK!G>!AF>GJE9LAGF!O9K!<M=!LG!
KH=;AT;9LAGF!9F<!<=KA?F!=JJGJK!AF!L@=!KG>LO9J=!G>!L@=!AF=JLA9D!
J=>=J=F;=!KQKL=EY

" 5@=!AFL=JF9D!43*g!KG>LO9J=!=P;=HLAGF!O9K!;9MK=<!<MJAF?!=P=;MLAGF!
G>!9!<9L9!;GFN=JKAGF!>JGE!qo[:AL!UG9LAF?!HGAFL!LG!lq[:AL!KA?F=<!
AFL=?=J!N9DM=Y!

" 5@=!UG9LAF?!HGAFL!FME:=J!O@A;@!O9K!;GFN=JL=<!@9<!9!N9DM=!?J=9L=J!
L@9F!O@9L!;GMD<!:=!J=HJ=K=FL=<!:Q!9!lq[:AL!KA?F=<!AFL=?=JY!
@LLHXaaOOOYAE9YMEFY=<Mah9JFGD<a<AK9KL=JKa9JA9F=Y@LED
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/81C!12>DC!3><?9;5AB!N/81C!12>DC!3><?9;5AB!N

" *&&&rpo!KL9F<9J<!<=TF=K!@GO!'1!9J=!LG!:=!
H=J>GJE=<

" ;GEHAD=JK!O@A;@!LJ9FKD9L=K!GMJ!@A?@!D=N=D!D9F?M9?=!
c>GJLJ9Fa$d!!LG!9KK=E:D=J!AK!J=KHGFKA:D=!LG!?=F=J9L=!
*&&&[;GEHDA9FL!;G<=!

" L@=J=!9J=!?=F=J9DDQ!KH=;AT;!U9?K!LG!>GJ;=!L@=!
;GEHAD=J!LG!9<@=J=!LG!L@=!KL9F<9J<

" #Q!<=>9MDL!KGE=!;GEHAD=J!<G!FGL!9<@=J=!LG!ALX!QGM!
@9N=!LG!>GJ;=!L@=E!LG!9<@=J=YY!
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#><?9;5A!(%%%!J17B#><?9;5A!(%%%!J17B
" (FM!KMAL=X

! [VG9L[KLGJ=!!!!!!!!! !YY!9!>=O!HJG?J9EK!J=DQ!GF!L@=!HJ=;AK=!<=TFALAGF!G>!*&&&!

UG9LAF?!HGAFLY!!6K=![VG9L[KLGJ=!>GJ!KM;@!HJG?J9EKW!9>L=J!EG<A>QAF?!L@=E!LG!
KLGJ=!9DD!H=JLAF=FL!AFL=JE=<A9L=!;GEHML9LAGFK!AFLG!N9JA9:D=KY

" 1(*X

! [,A===![,FGA===!c<=>9MDLd!!!1=J>GJE!UG9LAF?[HGAFL!GH=J9LAGFK!AF!KLJA;L!

;GF>GJE9F;=!OAL@!L@=!*&&&!rpo!KL9F<9J<Y!!!!!!!!!4GE=!GHLAEAR9LAGFK!9J=!<AK9:D=<!
OAL@![,A===W!9F<!9!EGJ=!9;;MJ9L=!E9L@!DA:J9JQ!AK!!!!MK=<Y!!5@=!<=>9MDL![,FGA===!
MK=K!>9KL=J!:ML!N=JQ!KDA?@LDQ!D=KK!9;;MJ9L=!E=L@G<KY

" *FL=DX

! ![EH!!.9AFL9AFK!!UG9LAF?[HGAFL!!HJ=;AKAGF!!cO@AD=!<AK9:DAF?!KGE=!GHLAEAR9LAGFKdY!

5@=![EH!GHLAGF!J=KLJA;LK!GHLAEAR9LAGF!LG!E9AFL9AF!<=;D9J=<!HJ=;AKAGF!9F<!LG!
=FKMJ=!L@9L!UG9LAF?[HGAFL!9JAL@E=LA;!;GF>GJEK!EGJ=!;DGK=DQ!!LG!L@=!"/4*g!9F<!
*&&&!KL9F<9J<KY!!5@AK!AK!L@=!K9E=!9K!KH=;A>QAF?![UL;GFKAKL=F;Q!GJ![EA===[>H
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"!65F!I=1;!F1A=9=7BLL"!65F!I=1;!F1A=9=7BLL

" 0FDQ!9:GML!r!<=;AE9D!<A?ALK!9J=!J=HJ=K=FL9:D=!AF!KAF?D=[
HJ=;AKAGF!*&&&!>GJE9LW!9F<!9:GML!lq!AF!<GM:D=[HJ=;AKAGF!*&&&!
>GJE9LY

! 6K=!<GM:D=aJ=9Dgs!9DEGKL!=N=JQO@=J=!

" 3=E=E:=JX!&N=JQ!LAE=!FME:=JK!9J=!LJ9FK>=JJ=<!>JGE!=PL=JF9D!
<=;AE9D!LG!AFL=JF9D!:AF9JQ!GJ!NA;=[N=JK9W!HJ=;AKAGF!;9F!:=!DGKLY

" "DO9QK!MK=!K9>=!;GEH9JAKGFKY

" :=!;9J=>MD!GF!$GFN=JKAGFK!:=LO==F!<9L9!LQH=K!

" %GFjL!=PH=;L!A<=FLA;9D!J=KMDLK!>JGE!LOG!<AS=J=FL!UG9LAF?[HGAFL!
AEHD=E=FL9LAGFKY
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"!!I=1;!39C1C9>=LL!"!!I=1;!39C1C9>=LL!

 Excerpt from The Art of  Computer Programming by Donald E. Knuth:
 ----------------------------------------------------------------
    "Floating-point computation is by nature inexact, and it is not 
  difficult to misuse it so that the computed answers consist almost 
  entirely of  'noise'. 

  One of  the principal problems of  numerical analysis is to determine 
  how accurate the results of  certain numerical methods will be; a 
  'credibility gap' problem is involved here: we don't know how much 
  of  the computer's answers to believe. 

  Novice computer users solve this problem by implicitly trusting in 
  the computer as an infallible authority; they tend to believe all 
  digits of  a printed answer are significant. 

  Disillusioned computer users have just the opposite approach, they 
  are constantly afraid their answers are almost meaningless."
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05C!1=>C85A!39C1C9>=LL!05C!1=>C85A!39C1C9>=LL!

     It makes me nervous to fly on airplanes since I  
know they are  designed using floating-point 
arithmetic.” 

                                     A. Householder 
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&DAC85A!,565A5=35B!>=!&;>1C9=7!+>9=C!"A9C8<5C93&DAC85A!,565A5=35B!>=!&;>1C9=7!+>9=C!"A9C8<5C93

" 1JG>Y!,9@9F^K!_-=;LMJ=!/GL=K!GF!*&&&!rpo`
! OOOY;KY:=JC=D=QY=<MahOC9@9FaA===KL9LMKaA===rpoYHK

" 1JG>Y!,9@9F^K!_5@=!#9D=>MD!&S=;LK!G>!$GEHML=J!
#=F;@E9JCK!GF!"HHDA=<!.9L@W!1@QKA;K!9F<!$@=EAKLJQ
! OOOY;KY:=JC=D=QahOC9@9FaA===rpoKL9LMKa:9D=>MDYHK

" +3,<!$>0:A!#869=<0:!).407<4;<!)38=5/!'78?!"-8=<!

%58,<472E(847<!":4<360<4.W!:Q!%9NA<!(GD<:=J?W!HM:DAK@=<!AF!
L@=!.9J;@W!lttl!AKKM=!G>!$GEHMLAF?!4MJN=QKY!$GHQJA?@L!
lttl

" *30!94<1,55!81!>0:41A472!D8,<472!9847<!.869=<,<487;!:Q!!%Y!
.GFFA9MP

! @9DY9J;@AN=KGMN=JL=KY>Ja<G;Kakkamsaloamta1%'aUG9LAF?[HGAFL[9JLA;D=YH<>

http://www.cs.berkeley/~wkahan/ieee754status/baleful.ps
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